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Abstract

This report validates classical cantilever-beam bending theory through a combined analytical and
numerical approach via Finite Element Analysis (FEA) and an experimental study using 3D-
printed PLA specimens. Closed-form Euler—Bernoulli solutions were derived and implemented
in MATLAB, stress distributions were verified in ANSYS, and benchtop experiments were
conducted to failure. Analytical and experimental failure loads agreed within ~1% while
deflection predictions exhibited larger deviations due to boundary compliance, material
anisotropy, and hygroscopic effects in the PLA. The study demonstrates that stress-based failure
predictions remain robust even when global stiffness predictions are sensitive to real-world
effects.

1. Objective

Validate bending-stress-based failure prediction for a cantilever beam and reconcile
discrepancies between analytical deflection (hand calculation, MATLAB, and FEA) and
experimental response for a 3D-printed PLA component.

2. Geometry, Material, and Assumptions

2.1 Geometry
e Total printed length: 7.00 in
e (Clamped length: 0.50 in
e Geometric free span: 6.50 in
e (Cross-section: rectangular (width w = 1.00 in, thickness = 0.375 in)

2.2 Polymeric Material — Polylactic Acid (PLA)

Custom material properties were defined in both SOLIDWORKS and ANSY'S using effective
isotropic mechanical properties derived from the additive printing manufacturer’s Technical Data
Sheet (TDS) provided by Bambu Lab. The TDS reports direction-dependent properties,
indicating that the material is anisotropic due to the layer-wise nature of FDM 3-D printing.
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For the purposes of analytical and numerical modeling, PLA was treated as a brittle material with
conservative, effective isotropic properties: Young’s modulus (effective isotropic) of E = 290.00
ksi and ultimate tensile strength of Guit = 4.35 ksi

This approach reflects common engineering practice when full anisotropic property sets are
unavailable, while still acknowledging the dominant influence of Z-direction interlayer weakness
and hygroscopic effects on stiffness and long-term failure behavior.

2.3 Assumptions

e Euler—Bernoulli beam theory

e Linear elastic behavior up to brittle fracture

¢ Bending-dominated stress state; shear negligible

e Effective isotropic properties were used due to limited anisotropic data

3. Analytical Model

3.1 Governing Stress

The extreme-fiber bending stress at the fixed end was derived symbolically using Macaulay’s
(singularity) function formulation, rather than immediately reducing to a canonical tip-load
cantilever equation. This approach preserves a fully generic load-position representation,
enabling direct extension of the formulation to alternate loading and boundary conditions.

The governing bending stress at the extreme fiber is expressed as:

6PL

Op = Oyit =~
u wt?2

Using L = 6.5 inch and the ultimate tensile strength of PLA, the analytically predicted failure
load is:
_ opwt?

3.2 Deflection

Deflection was derived using the Macaulay singularity function method to maintain a
generalized beam equation applicable to arbitrary load locations. Although the formulation
reduces to the classical cantilever tip-load expression for this specific case, it was intentionally
retained in its generalized form to emphasize modeling rigor and analytical flexibility. Deflection
predictions were therefore used for trend comparison rather than as the governing failure
criterion.

6—1 M< >2+P< >3
=E 7 < 5 <*>")

Page 2 of 29



4. Finite Element Analysis (SOLIDWORKS to ANSYS)
4.1 Model Setup

The beam geometry was parametrically modeled in SOLIDWORKS and subsequently imported
into ANSY'S for static structural analysis. This CAD-to-CAE workflow mirrors standard industry
practice by separating geometric definition from numerical analysis.

The model employed:
o Linear elastic material behavior,

e Mesh refinement near the fixed end to capture extreme-fiber stresses,
e And a concentrated load applied at the free end.

4.2 Failure Criteria

e Maximum principal stress was used as the governing criterion for brittle failure.
e Von Mises stress evaluated as a sanity check

Under the uniaxial bending-dominated stress state, the von Mises stress converges to the
maximum normal stress, confirming the internal consistency of the stress field while preserving
the maximum principal stress as the governing failure criterion.
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Figure Set A — Deformation Max of 1.05 in

o FEA Deformation — Deflection (Tip View)

A: Static Structural
Total Deformation

Type: Total Deformation
Unit in

ime: 15
1/10/2026 8:12:38 AM
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Figure Set B— Maximum Principal Stress (Brittle) of 4.30 ksi

o FEA Front View — Max Principal Stress

A: static Structural
Maximum Principal Stress

Type: Maximum Principal Stress.
Unit psi

Time: 1

1/10/2026 B:11:41 AM
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.
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o FEA Isometric View — Max Principal Stress

A: Statie Structural

Maximum Princpal Stress
Type: Maimum Principal Stress.
Unit pst

Time: 1

1/10/2026 8:10:53 AM

43005 Max
a3

Figure Set C — Equivalent (von Mises) Stress (Sanity Check) of 4.42 ksi

o FFEA Isometric View — Equivalent (von Mises) Stress Sanity Check

A: Static Structural

SANITY CHECK - Equivalent Stress - VERIFIED BRITTLE
Type: Equivalent von-Mises) Stress

Unit psi

Time: 0.98 s

1/10/2026 32641 PM

4423.5 Max
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5. Experimental Methodology
5.1 Setup

e Specimens printed with 0° raster orientation aligned to minimize off-axis effects.
e Load applied incrementally using a digital force gauge.
¢ And deflection measured with a drop dial indicator (1 in travel limit).

5.2 Data Acquisition

e Force-time data logged digitally.
e Stepwise loading pauses are used to record deflection.

Figure D — Digital Force Chart

o Force vs Time with annotated load levels

Digital Force Chart
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6. Results with 1.00 Factor of Safety
6.1 Failure Load
e Analytical prediction: 15.69 1bf

e Experimental (fresh prints): 15.55 Ibf
e Error: ~0.89%

6.2 Deflection

Measured deflections exceeded analytical predictions by 25-35% across load levels, due to
boundary-condition realism, including clamp compliance, anisotropy, and hygroscopic effects.
Deflection exceeded the dial indicator range at failure and was not recorded.

6.3 Failure Mode

Fracture initiated at the extreme tensile fiber near the fixed end, aligned with the Z-axis (k-
direction) layer interface, confirming brittle failure governed by interlayer strength.
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Figure Set E — Specimen Failure (Photos)

o Top Views:
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o Front Views:
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7. Discussion

7.1 Stress vs Deflection Accuracy

Stress-based failure predictions agreed closely across theory, FEA, and experiment, while
deflection predictions were more sensitive to boundary and material effects. This demonstrates
that local stress criteria are robust even when global stiffness is affected by non-ideal support and
anisotropy.

7.2 Anisotropy and Hygroscopic Effects

PLA’s layer-wise anisotropy and moisture absorption reduced effective stiffness and, for older
specimens, strength. Fresh prints showed significantly improved agreement with theory,
highlighting the importance of material conditioning.

7.3 Boundary Compliance

Clamp rotation and compliance effectively increase the active span under load, amplifying
deflection without materially altering peak bending stress at the fixed end.

8. Conclusions

e (lassical bending theory accurately predicted failure load within ~1%.
e FEA corroborated stress distributions and failure location.

e Deflection discrepancies are explained by anisotropy, hygroscopic behavior, and
boundary compliance.

e Stress-based design remains reliable for additively manufactured polymers when
assumptions are clearly stated.
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9. References & Appendices
Appendix A: Engineering Notebook — Stress Analysis
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Appendix B: MATLAB Live Script

VL ®NON R WNR

NN SNN~NS~SN OO bs bLS bk bhbLDLSEDRRLEEWW
T AUNREOOURENOUNAUNBRBPOOONONPWUNROONA N PWRNROLOY S NSNS RN R RN RN rERES

% Cantilever Beam Project - PLA (Bambu) - Analytical Model
% Units: inches, 1bf, psi
% Purpose: Analysis of Stresses and Deflection - Cantilever Beam with Concentrated Load

clear; clc;

4

% 1) Inputs]

¥ —ccmmmccccccccccccccmaaaa

L = 6.5; % beam length [in]

Ww=1.0; % beam width [in]

t = 8.375; % beam thickness [in]

=1/ 2 % distance from neutral axis to outer fiber [in]
E = 290e3; % Young's modulus [psi]

A=w*t; % cross-sectional area [in~2]

I=(w* th3) / 12; % moment of inertia [in~4]

sigma_ult = 4350; % ultimate tensile strength [psi]

% -n- - -

% 2) Vectors of Load, Stresses, and Deflectiol
4

P_max = 15.69; % max load to plot [1lbf] - obtained from hand calculation
nPts = 400; % number of points in load sweep

P = linspace(@, P_max, nPts); % tip load [1lbf]

M =P * L; % bending moment at fixed end [1lbf-in]

sigma_bend = (M * ¢) / I; % Bending stress on outer fiber at fixed end [psi]

tau_max = (3 .* P) ./ (2 *¥ A); % Max transverse shear stress for rectangular section [psi]

% Tip deflection (Euler-Bernoulli, concentrated load at free end):
delta_tip = (E * I)*-1 .* (-M/2 .* L.~2 + P/6 .* L.~3); % [in]

P_fail = (sigma_ult * w * t~2) / (6 * L); % [1lbf]

delta_fail = (E * I)~-1 * (-(P_fail * L)/2 * L~2 + P_fail/6 * L*3); % [in]
sigma_fail = (P_fail * L * c) / I; % [psi]

tau_fail = (3 * P_fail) / (2 * w * t); % [psi]

ratio_tau_sigma = tau_fail / sigma_fail; % quick sanity check, unitless

P_allow = P_fail / N; %[1bf]

M_allow = P_allow *L; %[1bf-in]

delta_allow = (E * I)*-1 * (-M_allow/2 * L"2 + P_allow/6 * L~3);
sigma_allow = sigma_fail / N;

tau_allow = tau_fail / N;

W e e mmmmmmemm e e
% 7) Print key results

% e eeeeoo___

fprintf("<strong>=== Cantilever Beam Analytical Summary (PLA) ===");

fprintf("Geometry: L = %.2f in, w = %.2f in, t = %.2f in", L, w, t);

fprintf("Section: I = %.6f in™4, A = %.3f in~2", I, A);

fprintf("Material: E = %.@f psi, sigma = %.@f psi", E, sigma_ult);

fprintf("Theoretical bending failure load (sigma_{ultimate}): <strong>P_fail = %.2f 1lbf", P_fail);
fprintf("Theoretical maximum deflection: <strong>delta_{fail} = %.4f inch", delta_fail);

fprintf("\n \n<strong>=== Deflection at Allowable Load at Factor of Safety, N = %.2f ===", N);
fprintf("Recommended allowable load: <strong>P_{allow} = %.2f 1lbf", P_allow);
fprintf("Predicted tip deflection at P_allow: <strong>delta_{allow} = %.4f in", delta_allow);
fprintf("Allowable normal stress: <strong>sigma_{allow} = 2%.2f psi”, sigma_allow);
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fprintf("\n \n<strong>=== Quick Sanity Check @ P_fail = %.2f 1b ===", P_fail);
fprintf(" sigma_bend = %.ef psi (ultimate tensile at %.ef psi)", sigma_fail, sigma_ult);
fprintf(" tau_max = %.of psi”, tau_fail);
fprintf("  tau_max / sigma_bend = %.3f", tau_fail / sigma_fail)
if ratio_tau_sigma < 0.5
fprintf("The Tresca failure criterion may be considered negligible because the shear-to-normal stress ratio is below ©.5.");

else

figu
hold
plot

fprintf("The shear-to-normal stress ratio exceeds 8.5, and the Tresca failure criterion should be applied.”);
Plots

re;

on;

(P, sigma_bend, "Linewidth", 1.5);

title("Cantilever Beam: Bending Stress vs Load");

grid

on;

xlabel("Load P [1bf]");
ylabel("Max Bending Stress \sigma [psi]");

yline(sigma_ult, "--", "LineWidth", 1.5);

xline(P_fail, "--", "LineWidth", 1.5, "Color”, "r");

if N> 1
yline(sigma_allow, "--", "LineWidth", 1.5, "Color”, "m"});
xline(P_allow, '--', "LineWidth", 1.5, "Color", "b");
legend("", "\sigma_{ultimate}", "P_{fail}", "\sigma_{allow}", "P_{allow}");

else
legend("","Ultimate Strength", "P_{fail}");

end

xlim([@ 38]);

ylim([@ 5@08]);

hold off;

figure;

hold on;

plot(P, tau_max, "LineWidth", 1.5);

title("Cantilever Beam: Shear Stress vs Load”);

grid on;
xlabel("Load P [1bf]");
ylabel("Max Shear Stress \tau [psi]");

yline(tau_fail, "--", "LineWidth", 1.5);

xline(P_fail, "--", "LineWidth", 1.5, "Color", "r");

if N> 1
yline(tau_allow, "--", "LineWidth", 1.5, "Color", "m");
xline(P_allow, '--', "LineWidth", 1.5, "Color", "b");

legend("", "\tau_{fail}", "P_{fail}", "\tau_{allow}", "P_{allow}");
else
legend("","\tau_{fail}", "P_{fail}");
end
xlim([@ 251);
ylim([@ 7e]);
hold off;

figure;

hold on;

plot(P, delta_tip, 'LineWidth', 1.5);
title('Cantilever Beam: Tip Deflection vs Load');
grid on;

xlabel('Load P [1bf]');

ylabel('Tip Deflection \delta [in]');

yline(delta_fail, "--", "LineWidth", 1.5);
xline(P_fail, "--", "LineWidth", 1.5, "Color", "r");
if N> 1
yline(delta_allow, "--", "LineWidth", 1.5, "Color", "m");

xline(P_allow, '--', 'LineWidth', 1.5, "Color", "b");
legend("", "\delta_{fail}", "\delta_{allow}", "P_{fail}", "P_{allow}");
else
legend("","\delta_{fail}", "P_{fail}");
end
xlim([@ 18]);
ylim([-1.3 @]);
hold off;
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e Appendix C: Safety Factor Studies

Factor of Safety: 1.00

=== Cantilever Beam Analytical Summary (PLA) ===

Geometry: L = 6.50 in, w = 1.00 in, t = 0.38 in

Section: I = ©.004395 in"4, A = @.375 in”2

Material: E = 290000 psi, sigma = 4350 psi

Theoretical bending failure load (sigma_{ultimate}): P_fail = 15.69 1lbf

Theoretical maximum deflection: delta_{fail} = -1.1267 inch

=== Deflection at Allowable Load at Factor of Safety, N = 1.00 ===
Recommended allowable load: P_{allow} = 15.69 1bf
Predicted tip deflection at P_allow: delta_{allow} = -1.1267 in

Allowable normal stress: sigma_{allow} = 24350.00 psi

= Quick Sanity Check @ P_fail = 15.69 1lb ===

sigma_bend = 4350 psi (ultimate tensile at 4350 psi)

tau_max = 63 psi

tau_max / sigma_bend = 0.014
The Tresca failure criterion may be considered negligible because the shear-to-normal stress ratio is below ©.5.
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Factor of Safety: 2.00

=== Cantilever Beam Analytical Summary (PLA) ===

Geometry: L = 6.50 in, w = 1.80 in, T = 8.38 in

Section: 1 = @.894395 in*4, A = 0,375 in*2

Material: E = 299009 psi, sigma « 4350 psi

Theoretical bending failure load (sigma_{ultimate}): P_fail = 15.69 1bf

Theoretical maximum deflection: delta_{fail} = -1.1267 inch

=== Deflection at Allowable Load at Factor of Safety, N = 2.00 ===
Recommended allowable load: P_{allow)} = 7.84 1bf
Predicted tip deflection at P_allow: delta_{allow} = -@.5633 in

Allowable normal stress: sigma_{allow)} = 22175.00 psi

=== Quick Sanity Check @ P_fail = 15.69 1b ===
sigma_bend = 4350 psi (ultimate tensile at 4350 psi)
tau_max = 63 psi
tau_max / sigma_bend = 6.014

The Tresca failure criterion may be considered negligible because the shear-to-normal stress ratio 1s below 0.5,
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Cantilever Beam: Shear Stress vs Load
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e Appendix D: Digital Force Data

Digital Force Chart

=== <+—]__ Hook Adjustment on DFG gauge -
c picks up compressive force
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